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Abstract
Existence of periodic solutions for a kind of non-autonomous Rayleigh equations of retarded type
x′′(t) + f (t, x′(t − )) + g(t, x(t − (t))) = p(t)
is studied, and some new results are obtained. Our work generalizes and improves the known results in the literature.
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1. Introduction
In recent years, the existence of periodic solutions for a kind of Rayleigh equations was studied by some researchers
(see [1–11]). In [4,3], continuation theorems are introduced and applied to the existence of solutions of differential
equations. In particular, a speciﬁc example is given in [4, p. 99] (see also [3, p. 175]) on how periodic solutions can be
obtained by means of these theorems for the differential equation
x′′(t) + f (x′(t)) + h(t, x(t)) = 0, (1.1)
where f ∈ C(R), f (0) = 0, and h ∈ C(R2,R) is 2-periodic in t, and h(t, x)x < 0 for |x|r, t ∈ [0, 2]. In the
course of derivations, it is realized that once appropriate a priori bounds for the 2-periodic solutions of the auxiliary
equations
x′′(t) + f (x′(t)) + h(t, x(t)) = 0 (1.2)
are known for each  ∈ (0, 1), then standard procedures will allow these theorems to imply existence of periodic
solutions to Eq. (1.1).
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Employing these approach, the existence of 2-periodic solutions for a kind of Rayleigh equations with a deviating
argument
x′′(t) + f (x′(t)) + g(x(t − (t))) = p(t), (1.3)
where f, g, p and  are real continuous functions deﬁned on R, and  and p are periodic with period 2, and f (0) = 0
and
∫ 2
0 p(s) ds = 0, was studied in [7–9].
In [10], Wang discussed the following non-autonomous Rayleigh equation of retarded type
x′′(t) + f (t, x′(t − )) + g(t, x(t − )) = p(t), (1.4)
where 0, 0, f, g ∈ C(R2,R) and f (t, x), g(t, x) are 2-periodic in t, p ∈ C(R,R) is periodic with period 2,
and got the following results under the assumptions of f (t, 0) = 0 for t ∈ R and ∫ 20 p(s) ds = 0.
Theorem A. Assume that there exist constants K > 0, M > 0 and d > 0 such that
(A1) |f (t, x)|K , for (t, x) ∈ R2;
(A2) xg(t, x)> 0 and |g(t, x)|>K for t ∈ R, |x|d;
(A3) g(t, x) − M for t ∈ R, x − d .
(A4) sup(t,x)∈R×[−d,d]|g(t, x)|< + ∞.
Then (1.4) has at least a periodic solution with period 2.
Theorem B. In Theorem A, if (A3) is replaced by
(A5) g(t, x)M for t ∈ R, xd .
Then the conclusion still holds.
Remark 1.1. In TheoremsA and B, condition (A4) is always satisﬁed because g(t, x) is continuous and periodic in t,
and so we can omit it.
In this paper, wewill discuss the existence of 2-periodic solutions of non-autonomous Rayleigh equation of retarded
type
x′′(t) + f (t, x′(t − )) + g(t, x(t − (t))) = p(t), (1.5)
where 0, f, g ∈ C(R2,R) and f (t, x), g(t, x) are 2-periodic in t, f (t, 0) = 0 for t ∈ R, , p ∈ C(R,R) are
periodic with period 2, and
∫ 2
0 p(t) dt = 0. Using the theory in [4,3] and a improved prior estimate, we obtain better
sufﬁcient conditions for the existence of periodic solution of Eq. (1.5). These results generalize and improve those in
[10] even if in the case of (t) ≡ (constant), and all of conditions are more weaker than those in [7–9] even if in
f (t, x) ≡ f (x), g(t, x) ≡ g(x).
For the sake of convenience, we denote by C2 the space of continuous 2-periodic functions, endowed the ‖x‖0 =
maxt∈[0,2]|x(t)|.
2. Main results
Lemma 2.1. Let x(t) be continuous derivable T -periodic function (T > 0). Then for any t∗ ∈ (−∞,∞)
max
t∈[t∗,t∗+T ]
|x(t)| |x(t∗)| + 12
∫ T
0
|x′(s)| ds. (2.1)
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Proof. Choose t∗ ∈ [t∗, t∗ + T ] such that |x(t∗)| = maxt∈[t∗,t∗+T ]|x(t)|. Then
|x(t∗)| =
∣∣∣∣∣x(t∗) +
∫ t∗
t∗
x′(s) ds
∣∣∣∣∣  |x(t∗)| +
∫ t∗
t∗
|x′(s)| ds
and
|x(t∗)| = |x(t∗ − T )| =
∣∣∣∣x(t∗) −
∫ t∗
t∗−T
x′(s) ds
∣∣∣∣  |x(t∗)| +
∫ t∗
t∗−T
|x′(s)| ds.
Combing the above two inequalities, we have
|x(t∗)| |x(t∗)| + 12
∫ t∗
t∗−T
|x′(s)| ds = |x(t∗)| + 12
∫ T
0
|x′(s)| ds.
The proof is complete. 
Theorem 2.1. Assume that there exist constants r1, r20, d > 0, K > 0 and M > 0 such that
(H1) |f (t, x)|r1|x| + K , ∀(t, x) ∈ R2;
(H2) xg(t, x)> 0 and |g(t, x)|>r1|x| + K for t ∈ R, |x|>d;
(H3) g(t, x)r2x − M for t ∈ R, x − d .
If
2(r1 + ( + 1)r2)< 1, (2.2)
then Eq. (1.5) has at least a 2-periodic solution.
Proof. Consider the auxiliary equation
x′′(t) + f (t, x′(t − )) + g(t, x(t − (t))) = p(t),  ∈ (0, 1). (2.3)
From the results (degree theory) in [4,3] (see also proof of [10]), it is sufﬁcient to show that there are positive constants
M0 and M1, independent of , such that if x(t) is a 2-periodic solution of Eq. (2.3), then ‖x‖0 <M0 and ‖x′‖0 <M1.
Now, let x = x(t) be any 2-periodic solution of Eq. (2.3). Integrating both sides of (2.3) on [0, 2], we have
∫ 2
0
(f (s, x′(s − )) + g(s, x(s − (s)))) ds = 0. (2.4)
It follows that there exists a t1 ∈ [0, 2] such that
f (t1, x
′(t1 − )) + g(t1, x(t1 − (t1))) = 0. (2.5)
We assert that there exists a t∗ ∈ [0, 2] such that
|x(t∗)|‖x′‖0 + d . (2.6)
Case 1: r1 = 0. From (2.5) and (H1), we have
|g(t1, x(t1 − (t1)))|K ,
which, together with (H2), implies that
|x(t1 − (t1))|d . (2.7)
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Case 2: r1 > 0. If |x(t1 − (t1))|>d , it follows from (2.5), (H1) and (H2) that
r1|x(t1 − (t1))| + K < |g(t1, x(t1 − (t1)))|r1|x′(t1 − )| + K .
Thus, we have
|x(t1 − (t1))|‖x′‖0. (2.8)
Combining (2.7) and (2.8), we see that
|x(t1 − (t1))|‖x′‖0 + d .
Note that x(t) is periodic, there exists a t∗ ∈ [0, 2] such that (2.6) holds.
By Lemma 2.1, we have
‖x‖0 |x(t∗)| + 12
∫ 2
0
|x′(s)| ds (2.9)
d + ( + 1)‖x′‖0. (2.10)
LetE1={t : t ∈ [0, 2], x(t−(t))> d}, E2={t : t ∈ [0, 2], x(t−(t))<−d}, E3={t : t ∈ [0, 2], |x(t−(t))|d}.
From (2.4), we obtain
∫
E1
|g(s, x(s − (s)))| ds
∫ 2
0
|f (s, x′(s − ))| ds +
(∫
E2
+
∫
E3
)
|g(s, x(s − (s)))| ds.
Thus,
‖x′‖0 12
∫ 2
0
|x′′(s)| ds
 1
2
[∫ 2
0
|f (s, x′(s − ))| ds +
∫ 2
0
|g(s, x(s − (s)))| ds +
∫ 2
0
|p(s)| ds
]
 1
2
[∫ 2
0
|f (s, x′(s − ))| ds +
(∫
E1
+
∫
E2
+
∫
E3
)
|g(s, x(s − (s)))| ds + 2‖p‖0
]

∫ 2
0
|f (s, x′(s − ))| ds +
(∫
E2
+
∫
E3
)
|g(s, x(s − (s)))| ds + ‖p‖0
2(r1‖x′‖0 + r2‖x‖0) + (2(K + M + gd) + ‖p‖0)
2(r1 + ( + 1)r2)‖x′‖0 + (2(K + M + gd + r2d) + ‖p‖0),
where gd = maxt∈[0,2],|x|d |g(t, x)|. Therefore,
‖x′‖0 (2(K + M + gd + r2d) + ‖p‖0)1 − 2(r1 + r2( + 1)) M1.
It follows from (2.10) that
‖x‖0d + M1( + 1)M0.
This completes the proof. 
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Similarly, we have the following Theorem 2.2.
Theorem 2.2. Assume that there exist constants r1, r20, d > 0, K > 0 and M > 0 such that
(H1) |f (t, x)|r1|x| + K , ∀(t, x) ∈ R2;
(H2) xg(t, x)> 0 and |g(t, x)|>r1|x| + K for t ∈ R, |x|>d;
(H4) g(t, x)r2x + M for t ∈ R, xd .
If (2.2) holds, then Eq. (1.5) has at least a 2-periodic solution.
Remark 2.1. When (t) ≡ (constant) and r1 = r2 = 0, Theorems 2.1 and 2.2 are Theorems A and B, respectively,
and so our results generalize and improve the corresponding results in [10].
Remark 2.2. Note that the condition 2(r1 + ( + 1)r2)< 1 is weaker than 4(r1 + (2 + 1)r2)< 1 and 8(r1 +
r1r2)< 1. Therefore, even if in the case that f (t, x) ≡ f (x) and g(t, x) ≡ g(x), Theorems 2.1 and 2.2 still improve
Theorems 1 and 2 in [8], and Theorems 1 and 2 in [7] as well.
Acknowledgements
This work is partially supported by the NNSF of China (No. 10471153).
References
[1] F.D. Chen, Existence and uniqueness of almost periodic solutions for forced Rayleigh equations, Ann. Differential Equations 17 (1) (2001)
1–9.
[2] F.D. Chen, X.X. Chen, F.X. Lin, J.L. Shi, Periodic solution and global attractivity of a class of differential equations with delays, Acta Math.
Appl. Sinica 28 (1) (2005) 55–64 (in Chinese).
[3] K. Deimling, Nonlinear Functional Analysis, Springer, Berlin, 1985.
[4] R.E. Gains, J.L. Mawhin, Coincidence degree and nonlinear differential equations, Lecture Notes in Mathematics, vol. 568, Springer, Berlin,
1977.
[5] F. Liu, On the existence of the periodic solutions of Rayleigh equation, Acta Math. Sinica 37 (5) (1994) 639–644 (in Chinese).
[6] S.P. Lu, W.G. Ge, Some new results on the existence of periodic solutions to a kind of Rayleigh equation with a deviating argument, Nonlinear
Anal. 56 (2004) 501–514.
[7] S.P. Lu, W.G. Ge, Z.X. Zheng, Periodic solutions for a kind of Rayleigh equation with a deviating argument, Appl. Math. Lett. 17 (2004)
443–449.
[8] S.P. Lu, W.G. Ge, Z.X. Zheng, Periodic solutions for a kind of Raleigh equation with a deviating argument, Acta Math. Sinica 47 (2) (2004)
299–304 (in Chinese).
[9] G.Q. Wang, S.S. Cheng, A priori bounds for periodic solutions of a delay Rayleigh equation, Appl. Math. Lett. 12 (1999) 41–44.
[10] G.Q. Wang, J.R. Yan, On existence of periodic solutions of the Rayleigh equation of retarded type, Internat. J. Math. Math. Sci. 23 (1) (2000)
65–68.
[11] G.Q.Wang, J.R.Yan, Existence theorem of periodic positive solutions for the Rayleigh equation of retarded type, Portugal. Math. 57 (2) (2000)
153–160.
